Abstract. We consider the Yamabe invariant of a compact orbifold with finitely many singular points. We prove a fundamental inequality for the estimate of the invariant from above, which also includes a criterion for the non-positivity of it. Moreover, we give a sufficient condition for the equality in the inequality. In order to prove it, we also solve the orbifold Yamabe problem under a certain condition. We use these results to give some exact computations of the Yamabe invariant of compact orbifolds.
Introduction and Main Results
There is a natural differential-topological invariant, called the Yamabe invariant, which arises from a variational problem for the functional E below on a given compact smooth n-manifold M (without boundary) of dimension n ≥ 3. It is well known that a Riemannian metric on M is Einstein if and only if it is a critical point of the normalized Einstein-Hilbert functional E on the space M(M ) of all Riemannian metrics on M E : M(M ) → R, g → E(g) := M R g dµ g Vol g (M ) (n−2)/n .
Here, R g , dµ g and Vol g (M ) denote respectively the scalar curvature, the volume element of g and the volume of (M, g). Because the restriction of E to any conformal class
is bounded from below, we can consider the following conformal invariant (called the Yamabe constant of (M, C))
E(g).
A remarkable theorem [45, 43, 8, 34, 39] (cf. [9, 12, 28, 36, 40] ) of Yamabe, Trudinger, Aubin, and Schoen asserts that each conformal class C contains a minimizerĝ of E| C , called a Yamabe metric (or a solution of the Yamabe problem), which is of constant scalar curvature
The study of the second variation of E done in [21, 36] (cf. [10] ) leads naturally to the definition of the following differential-topological invariant where C(M ) denotes the space of all conformal classes on M . This invariant is called the Yamabe invariant (or σ-invariant) of M and it was introduced independently by O. Kobayashi [18] and Schoen [35] (see also [19, 36] ).
In the study of Yamabe invariant, with certain geometric non-collapsing assumptions, we will often encounter Riemannian orbifolds (or Riemannian multi-folds more generally) as the limit spaces for sequences of Yamabe metrics (cf. [1, 42, 44] ). For a compact n-orbifold M with an orbifold metric g, one can also define the corresponding Yamabe constant Y (M, [g] orb ) and Yamabe invariant Y orb (M ) (see Section 2 or [3] for details). Let M 1 and M 2 be compact n-orbifolds with same number of finite singularities {p 1 , · · · ,p ℓ } and {q 1 , · · · ,q ℓ } respectively. Assume that each corresponding singularitiesp j andq j have a same structure group Γ j (< O(n)). For each j, let B(p j )(⊂ M 1 ) and B(q j )(⊂ M 2 ) denote respectively open geodesic balls of sufficiently small radiuses centered atp j andq j with fixed reference orbifold metrics. Then, the boundaries of these two balls can be naturally identified by a canonical diffeomorphism. Let
Note that N has a canonical smooth structure as manifold. For simplicity, in Section 4, we will abbreviate the above decomposition as the generalized connected sum
One of main purposes of this paper is to prove the following fundamental inequality for the estimate of the orbifold Yamabe invariant from above and a sufficient condition for the equality in this inequality. The inequality also includes a criterion for the non-positivity of the invariant: Theorem A. Under the above understandings, assume that
Moreover, if M 1 admits an orbifold metricǧ of constant scalar curvature satisfying
On the computation of Yamabe invariants for smooth manifolds, a first remarkable result is the following proved by Aubin [8] (cf. [9] ) :
for any C ∈ C(M ), where g 0 is the standard metric of constant curvature one on the standard n-sphere S n . This implies both the universal estimate for Y (M ) from above and the computation of Y (S n )
Kobayashi [18, 19] and Schoen [36] proved that
Kobayashi also gave two kind of proof for it (see [4] for the third one), one [19] of them especially is based on the following important inequality, called Kobayashi's inequality:
2 )} · · · otherwise for any two compact n-manifolds M 1 , M 2 . This has been extended to some useful surgery theorems [6, 31, 33] . On the other hand, some classification theorems for manifolds with positive scalar curvature metric [14, 15, 37, 38, 41] lead to many examples of manifolds with zero (or non-positive) Yamabe invariant, for instance, Y (T n ) = 0 for the n-torus T n (see [32] for further development). In 1995, LeBrun [24] computed the Yamabe invariants of smooth compact quotients of complex-hyperbolic 2-space, which was the first example of manifolds with negative Yamabe invariant. He and collaborators [16, 17, 25, 26, 27 ] also computed the Yamabe invariants for a large class of 4-manifolds, including Kähler surfaces X with either Y (X) < 0 or 0 < Y (X) < Y (S 4 ) (see [5, 7, 11] 
). In particular, for any minimal complex surface of general type X, he [25] 
where χ(X) and τ (X) are respectively the Euler characteristic and signature of X. Moreover, if X contains (−2)-curves, there exist a sequence of metrics {g i } i on X and a Kähler-Einstein orbifold metricǧ on the canonical model X can of X such that lim
Here, d GH denotes the Gromov-Hausdorff distance. This result suggests naturally the following question : " Can one describe rigorously the above fact in terms of Y (X can , [ǧ] orb ) and Y orb (X can ) ? " The other of main purposes of this paper is to answer it. Theorem B. Under the above settings, the following holds
In Section 2, we recall the definition on the orbifold Yamabe invariant from [3] and explain briefly some terminologies. For the proof of Theorem A, we also recall some necessary terminologies and basic results on the Yamabe invariant of cylindrical manifolds [2] . Applying these results to the orbifold Yamabe invariant, we prove the first assertion of Theorem A. In Section 3, for the proof of the second assertion in Theorem A, we consider the existence problem of minimizers for the functional E on compact conformal orbifolds, that is, the orbifold Yamabe problem. Under a certain condition, we solve this problem. Using the solution, we can prove the second assertion. In Section 4, we give two more typical exact computations of the orbifold Yamabe invariant besides the proof of Theorem B. Acknowledgements. The author would like to express his sincere gratitude to Nobuhiro Honda and Jeff Viaclovsky for helpful discussions on singularities of complex surfaces and on the orbifold Yamabe invariant respectively. He also would like to thank Claude LeBrun for useful comments.
The orbifold Yamabe invariant
For the sake of self-containedness, we first recall the definition of orbifolds with finitely many singular points which we discuss here [3] . Definition 2.1. Let M be a locally compact Hausdorff space. We say that M is an n-orbifold with singularities 
We refer to the pair (p j , Γ j ) as a singular point with the structure group Γ j and the pair (U j , ϕ j ) as a local uniformization. To simplify the presentation, we assume, without particular mention, that an orbifold M has only one singularity, i.e., Σ Γ = {(p, Γ)}. Let ϕ : U → B τ (0)/Γ be a local uniformization and π : B τ (0) → B τ (0)/Γ the canonical projection. We also always assume that M is compact.
Definition 2.2. (1) A Riemannian metric g ∈ M(M − {p}) is an orbifold metric if there exists a Γ-invariant smooth metricĝ on the ball
We denote by C orb (M ) the space of all orbifold conformal classes.
As in the smooth case, consider the normalized Einstein-Hilbert functional
Since the singularity has codimension at least three, Stokes' theorem and Gauss' divergence theorem still hold over Riemannian orbifolds. Hence,ǧ is a critical point of E on M orb (M ) if and only ifǧ is an Einstein orbifold metric. Then, one can define naturally the definition of the orbifold Yamabe invariant.
Moreover, the orbifold Yamabe invariant Y orb (M ) of M is also defined by
Before we explain some necessary terminologies on the Yamabe invariant of cylindrical manifolds, we give two comments on orbifolds with positive orbifold Yamabe invariant.
Remark 2.4. Let (X, g) be a hyperKähler asymptotically locally Euclidean (abbreviated to ALE ) 4-manifold constructed in [22] (cf. [29] ), where X is the minimal resolution of the quotient space C 2 /Γ for a non-trivial finite subgroup Γ of SU (2). Then, (X, g) has a smooth conformal compactification (X := X ⊔{p ∞ },ĝ) with singularity {(p ∞ , Γ)} [13, 44] 
However, similarly to the case for smooth compact manifolds, there is not much exact computations of positive orbifold Yamabe invariants at present. In the proof of both (1) and (2), one of key points is the following estimate,
This inequality is also crucial to give a sufficient condition for the solvability of the orbifold Yamabe problem in Section 3. Figure 1) . Each pair (X,ḡ) is called a cylindrical manifold and h a slice metric. We denote by M h-cyl (X) the space of all cylindrical metrics on X modeled by (Z, h).
For the definition of the Yamabe invariant on cylindrical manifolds, we first recall the following fact. On a compact Riemannian manifold (M, g), the value of functional E(g) for conformal metricg := u 4/(n−2) · g ∈ [g] can be rewritten by
where C ∞ c (X) denotes the space of all smooth functions on X with compact supports. Moreover, for a fixed h ∈ M(Z), the h-cylindrical Yamabe invariant Y h-cyl (X) of the open manifold X with tame ends is also defined by
To simplify the presentation, we also assume, without particular mention, that each underlying manifold X has only one connected tame end. In contrast with the case for compact manifolds, the constant Y (X, Proposition 2.7. For h ∈ M(Z n−1 ), let L h be the operator on Z n−1 defined by
and λ(L h ) the first eigenvalue of L h . Then, we have the following on the Yamabe constant of a cylindrical manifold (X,ḡ) with slice metric h.
•
We also note that the notion of the h-cylindrical Yamabe invariant is an natural extension of the one of the orbifold Yamabe invariant [3, Theorem 2.9]. Proposition 2.8. Let M be a compact n-orbifold with singularity {(p, Γ)} (see Figure 2) , and h 0 ∈ M(S n−1 /Γ) the standard metric of constant curvature one. Note that the open manifold M −{p} is of one tame end and Theorem 2.9. Let N be a compact n-manifold and Z a compact (n−1)-submanifold with trivial normal bundle. Assume that M − Z has two connected components 0, ∞) ) be the corresponding open n-manifolds with tame end Z × [0, ∞) (see Figure 3) . For any h ∈ M(Z), we have 
We can now prove the first assertion in Theorem A.
Proof of the first assertion in Theorem A. In Corollary 2.10, set
Then, the first assertion follows directly from Proposition 2.8 and Corollary 2.10, that is,
Remark 2.11. For given compact manifolds N 1 and N 2 , we generally use Kobayashi's inequality in the case for computing (or estimating) Y (N 1 #N 2 ) by using the values of both Y (N 1 ) and Y (N 2 ). In contrast with this, the generalized connected sum of compact orbifolds is often "prime" as smooth manifold. Hence, the opposite usage of (refined) Kobayashi's inequality is also useful as Theorem A.
The orbifold Yamabe problem
In this section, we first prove the orbifold Yamabe problem under a certain condition.
Theorem 3.1. Let (M, g) be a compact Riemannian n-orbifold with singularities
Assume the following strict inequality:
Then, there exists a minimizerg ∈ [g] orb of the functional E| [g] orb (called an orbifold Yamabe metric) such that the orbifold metricg is of constant scalar curvature
Proof. We use here the same notations as those in Definition 2.1. Without loss of generality, we may assume that M has only one singularity {(p, Γ)}. The method adopting here for constructing approximate solutions is similar to the one in [2, Theorem 5.2]. But, as background metric for getting both the uniform C 0 -estimate of approximate solutions and the regularity of a weak solution, we will use rather the given orbifold metric g itself than an asymptotically cylindrical metricḡ ∈ [g| X ] on X := M − {p} withḡ = r −2 · g near the singularityp, where r(·) := dist g (·,p). First, note that
Let B ρ be the open geodesic ball centered atp of radius ρ > 0 with respect to g.
for i ∈ N. We have that
It then follows from the strict inequality (1) and the above that there exists a large integer i 0 such that
Similarly to the case for compact manifolds without boundary, this implies that there exists a non-negative
. We denote the zero extension of each u i to M by also the same symbol u i . Suppose that the sequence {u i } has a uniform C 0 -bound, that is, there exists a constant L > 0 such that
Under this uniform C 0 -estimate, then there exists a non-negative Q (M,g) -minimizer u ∈ W 1,2 (M ; g) with ||u|| C 0 (M) ≤ L such that (taking a subsequence if necessary)
Lebesgue's bounded convergence theorem combined with the above uniform C 0 -estimate for {u i } implies that
By this equation and the fact that {u i } is a Q (M,g) -minimizing sequence, we have
. The maximum principle [9, Proposition 3.75] implies that u > 0 everywhere on M , and then we get an orbifold Yamabe metric
To complete the proof, we need only to show a uniform C 0 -estimate for the sequence {u i }. For each u i , take a maximum point q i ∈ X of u i , and set m i := u i (q i ). Taking a subsequence if necessary, we then have that there exists a point q ∞ ∈ M such that lim
Suppose that lim
Then, we will lead to a contradiction as below. Case 1. q ∞ =p : Let {V, x = (x 1 , · · · , x n )} be a geodesic normal coordinate system centered at q ∞ satisfying V ⊂ X. We may assume that {|x| < 1} ⊂ V . Set
Similarly to the proof of Theorem 2.1 in [40, Chapter 5] , there exists a positive function v ∈ C ∞ (R n ) such that
Hence, v satisfies the following:
where ∆ 0 denotes the Laplacian with respect to the Euclidean metric. This implies
, and then it contradicts to the assumption (1).
Case 2. q ∞ =p : In this case, we consider rather the liftingsũ i := (ϕ −1 • π) * u i on B τ (0) than u i themselves. Similarly to the above, set
Then, there exists a positive functionṽ ∈ C ∞ (R n ) such that v i →ṽ in the C 2 -topology on each relatively compact domain in R n .
Moreover,ṽ satisfies the following:
and then it also contradicts to the assumption (1).
We can now prove the second assertion in Theorem A.
Proof of the second assertion in Theorem A. First, we note that
It then follows from Theorem 3.1 and the above inequality that there exists a constant scalar curvature orbifold metricg ∈ [ǧ] orb satisfying
Similarly to the case for smooth conformal manifolds, the uniqueness of constant scalar curvature orbifold metrics in a non-positive orbifold conformal class [3, Lemma 2.3] implies that, up to a scaling, g =g.
Combining the above with the assumption E(ǧ) = Y (N ), we then have
Exact computations
We first prove Theorem B.
Proof of Theorem B. First, note that the canonical model X can is obtained by blowing down each connected component of the union of the (−2)-curves in X into a point. The structure of an open neighborhood of each singular point in X can is modeled by one of A-D-E singularities, that is, the quotient singularity C 2 /Γ with a non-trivial finite subgroup Γ < SU (2). Then, X can admits a Kähler-Einstein orbifold metricǧ [20] satisfying
We denote the singularities of X can by {(
For each Γ j , let X j denote the minimal resolution of C 2 /Γ j . Then, each X j admits a hyperKähler ALE metric h j [22] , and (X j , h j ) has a smooth conformal compactification (X j := X j ⊔ {∞ j },ĥ j ) with singularity {(∞ j , Γ j )} [13, 44] , which has a positive Yamabe constant
With these understandings, X can be decomposed by
By Theorem A, this combined with Y (X) < 0 and
Recall that the Kähler-Einstein orbifold metricǧ satisfies
This gives the desired conclusion:
Finally, we give two more typical exact computations of the orbifold Yamabe invariant.
1. Let T be a complex 2-dimensional torus andŤ := T / id, ι the quotient 4-orbifold with 16- 
denotes the group of degree 2 generated by
Pushing down the flat metric on T toŤ , we have a flat orbifold metricǧ f lat onŤ . H 16 ) be the 16-copies of ( O(−2), id, ι ). With these understandings, the generalized connected sum Note that
and hence where I denotes the identity matrix. The finite group G ℓ acts the n-sphere S n ⊂ R n+1 = C 4k+1 × R by
Then, the quotient space S n /G ℓ is a compact n-orbifold with two singularities {(p + n to S n /G ℓ , we have an orbifold metricǧ 0 of constant curvature one on S n /G ℓ . Note that the space ((S n /G ℓ ) − {p + ,p − },ǧ 0 ) is conformal to the product space ((S n−1 /G ℓ ) × R,ḡ := h 0 + dt 2 ). Then, this combined with Rḡ = R h0 = (n − 1)(n − 2) > 0 and the Sobolev embedding W 1,2 ((S n−1 /G ℓ ) × R;ḡ) ֒→ L 2n/(n−2) ((S n−1 /G ℓ ) × R;ḡ) implies that
Here, Σ#(S n /G ℓ ) stands for the connected sum of Σ and S n /G ℓ in the usual sense. On the other hand, Kobayashi's inequality for Y orb (Σ#(S n /G ℓ )) still holds. Hence,
